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Abstract

This research examines the integration of predictive hints in optimistic online learning to
improve the efficiency of optimizers in machine learning applications. Utilizing the Online-
to-Non-Convex Conversion (O2NC), we aim to improve the performance of optimizers,
particularly for models with non-convex non-smooth loss functions. We analyze various
techniques for generating predictive hints and evaluate their performance using a GPT-2
model. Our findings demonstrate that incorporating accurate future gradient predictions
can drastically improve optimization outcomes, with some methods even surpassing the
performance of the Adam optimizer. This highlights the potential of optimistic online
learners in advancing optimization techniques for machine learning. Additionally, our work
helps us to further understand the behaviour of optimizers.

Summary

Machine learning models often face challenges in efficiently processing data, especially
when dealing with complex or large datasets. Traditional learning methods can be slow
or ineffective, leading to suboptimal performance. We use a novel approach to improve
these learning processes by incorporating predictions about the model’s future behavior.
By utilizing these predictions, we can potentially accelerate the learning process and en-
hance its accuracy. We tested various methods to generate these predictions using a large
language model (GPT-2). Our results demonstrated that accurate predictions can improve
the model’s performance. This approach holds promise for improving the effectiveness of
machine learning across various applications.



1 Introduction

The rapid growth of data availability and the increasing complexity of machine learning

models highlight the need for more efficient optimization techniques. While not all fields

have an abundance of data, machine learning tends to be applied more in data-rich areas.

However, better optimization techniques are valuable for both small and large data sets. For

small data sets, the primary challenge is overfitting, which happens when a model learns too

much from the training data, including the noise. Overfitting leads to poor generalization

on new data because the model captures random fluctuations rather than the underlying

pattern. This overfitting can be mitigated by using better optimizers that require fewer

gradient computations, thereby reducing the risk of learning noise. In contrast, for large

data sets, the limitation is often computational power. Efficient optimization methods allow

models to achieve lower loss values within the same computational budget by making the

most out of the available gradient computations. Therefore, developing optimizers that

shorten training durations and improve efficiency is essential for advancing machine learning

models across various data environments.

Traditional methods like batch gradient descent and its variants can struggle to ef-

fectively train large-scale neural networks. While optimizers such as Adam (Kingma and

Ba, 2014) have achieved practical success, a significant theoretical gap remains in under-

standing their behavior and performance. This gap can result in unexpected outcomes and

inefficiencies in various machine learning applications (Reddi et al., 2019). Addressing this

gap is essential for developing optimizers that are both theoretically robust and practically

effective.

This paper uses a novel approach using the online-to-non-convex conversion (O2NC)

proposed by Cutkosky et al. (2023). This method applies online learning principles to the

optimization of neural networks, which allows for better theoretical analysis, especially of
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non-convex, non-smooth objective functions, like loss functions of models incorporating

ReLU or MaxPooling layers. By transforming complex optimization challenges into more

manageable online learning tasks, variants of O2NC potentially enables better practical

outcomes. The integration of O2NC with various online learning algorithms aims to achieve

faster convergence and improved optimization performance. This research explores the

optimistic approach, where future gradient predictions, known as hints, are utilized in

the update step. We provide different methods for generating these prediction hints and

evaluate their effectiveness on a GPT-2 model.

Our contributions include analyzing the applications of the O2NC framework for neural

network optimization, with the use of optimistic gradient predictions in the optimization

process, and evaluating the effectiveness of different prediction hint generation methods on

a GPT-2 model.

The paper is organized as follows. Section 2 gives the required background, followed

by Section 3 detailing optimism in online learning. Section 4 presents the results. Finally,

Section 5 concludes the paper and discusses future research directions.

2 Preliminaries

2.1 Optimization in Machine Learning

Formally, stochastic optimization is the process of minimizing an expected objective

function, F (x) = Ez∼Dz [f(x, z)], by finding

x∗ = argmin
x∈X

F (x)

where z represents random variables that follows the distribution Dz introducing uncer-

tainty. In the machine learning context, f is called the loss function, x represents the
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parameters of the model, and z is a data sample.

Optimizers are algorithms used to change the parameters of machine learning models,

such as weights and biases, to reduce the losses (i.e., minimize objective function). The

optimization algorithm plays the central role in training machine learning models. The

most common optimizers include Stochastic Gradient Descent (SGD) and variants like

SGD with Momentum, AdaGrad (Duchi et al., 2011), RMSProp (Hinton, 2012), and Adam

(Kingma and Ba, 2014). We review some classical and popular optimizers in Appendix A.

SGD updates weights based solely on the gradient, SGDM adds a momentum term to

accelerate convergence, and Adam combines adaptive learning rates with momentum. As

shown in Figures 1 and 2, these optimizers have distinct behaviors in their convergence

patterns and speed. It is evident that Adam outperforms SGDM, and SGDM is significantly

better than SGD on training a GPT-2 model, as described in section 3.3.
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Figure 1: Cross Entropy Loss function
(smoothed with time-weighted exponen-
tial moving average (EMA)) with η = 0.1
for SGD, η = 1 and β = 0.9 for SGDM,
η = 3 × 10−4, β1 = 0.9, and β2 = 0.999
for Adam.
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Figure 2: Accuracy (smoothed with time-
weighted exponential moving average
(EMA)2) with η = 0.1 for SGD, η = 1
and β = 0.9 for SGDM, η = 3 × 10−4,
β1 = 0.9, and β2 = 0.999 for Adam.
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2.2 Online Learning

Online learning is a framework for making sequential predictions under potentially

adversarial conditions. In offline learning, actions can be based on the full training data

set. In online learning, actions are based only on the information available up to the current

time step. To gain some intuition consider a game in which, during each round t:

1. An adversary chooses a real number yt in a given set.

2. The learner tries to guess the real number yt by predicting ŷt.

3. The adversary reveals yt, and the adversary picks an arbitrary loss which the learner

incurs. For example, ℓt(ŷt) = (ŷt − yt)
2.

The learner’s goal is to choose actions xt such that the next loss ℓt(xt) is as small as

possible. We can formalize this as follows: The goal is to minimize regret RegretT (u), which

is defined as the difference between the cumulative loss of the learner and the cumulative

loss of the best-fixed decision in hindsight:

RegretT (u) =
T∑

t=1

ℓt(xt)−
T∑

t=1

ℓt(u)

where u represents the benchmark decision (i.e., the best decision in hindsight u = argmin
∑T

t=1 ℓt(u)).

Regret is used because it provides a way to measure the performance of the online learning

algorithm relative to the best possible fixed strategy. It is particularly useful because, in

an adversarial setting, it is impossible to guarantee minimization of the actual loss due to

the unpredictable nature of the adversary. By focusing on minimizing regret, the learner

ensures that its performance is nearly as good as the best-fixed action in hindsight, even

under worst-case scenarios (Orabona, 2019). The concept of regret was first introduced by

Hannan (1957) in the context of zero-sum repeated games.
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Instead of using only one best decision in hindsight to calculate the regret, we can use

multiple decisions, which is called dynamic regret. Dynamic regret is defined as the regret

of an online learning algorithm when compared to a sequence of best decisions in hindsight

rather than a single best decision. Formally, if u1, u2, . . . , uT represents the sequence of

decisions at each time step t, the dynamic regret DynamicRegretT is given by:

DynamicRegretT (u1, . . . , uT ) =
T∑

t=1

ℓt(xt)−
T∑

t=1

ℓt(ut)

The goal is to ensure that DynamicRegretT grows sublinearly with T so that the av-

erage regret per round DynamicRegretT
T approaches zero as T increases. Achieving sublinear

dynamic regret with vectors ut = argminxft(x) is often unattainable due to the require-

ment for perfect foresight and the excessively high benchmark these optimal decisions set.

Therefore, we just assume u1, . . . , uT to be a more practical benchmark, not necessarily

the best decisions in hindsight.

2.3 Minimizing Regret in Online Learning

In online learning, our goal is to minimize regret by using different algorithms. For

example, in the number guessing game, a simple strategy called Follow-the-Leader (FTL)

can be used, where the prediction for each round is the action that minimizes the total loss

observed so far. Formally, the FTL prediction at round t is given by:

xt = argmin
x∈V

t∑

i=1

ℓi(x)

However, in the worst-case scenario, FTL performs very poorly. Hence, we cannot guar-

antee any regret bound. An example and a solution to the problem are given in Appendix

B.
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2.4 Online Learners in Machine Learning

Online learning can be used in machine learning as an incremental training approach

where a model is updated iteratively with each new data point rather than processing the

entire dataset simultaneously.

Formally, given a sequence of data points zt for t = 1, 2, . . ., the model parameters xt

are updated at each step t according to the rule:

xt+1 = ΠV (xt − ηt∇ℓt(x))

where ηt denotes the learning rate, ∇ℓt(x) is the gradient of the loss function ℓ with

respect to xt, and ΠV denotes the projection onto the feasible set V (in future equations

we will omit the projection ΠV ). The feasible set V consists of all points x that satisfy

the problem’s constraints, such as x ≥ 0 and x ≤ 10 (Zinkevich, 2003). This fundamental

algorithm in this framework is Online Gradient Descent (OGD), a counterpart to SGD,

which updates the model parameters by taking a step in the direction of the negative

gradient of the loss function.

A common extension to the OGD online learner is Online Mirror Descent (OMD),

which we discuss in Appendix D.

The online learners described above are suited for applications where data arrives in a

stream. These methods allow the model to adapt continuously to new data, making them

well-suited for applications where data arrives sequentially, such as online recommendation

systems, real-time financial predictions, and adaptive spam filtering (Cesa-Bianchi and

Lugosi, 2006; Hazan et al., 2016; Orabona, 2019; Zinkevich, 2003).
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2.5 Online-to-Non-Convex Conversion (O2NC)

Instead of using online learners to update the parameters directly, we will use a tech-

nique proposed by Cutkosky et al. (2023), called Online-to-Non-Convex Conversion (O2NC).

O2NC transforms the minimization of a non-convex and non-smooth function into the prob-

lem of minimizing the dynamic regret. This approach allows online learning algorithms to

handle non-convex optimization problems. In this context, an optimization algorithm up-

dates a previous iterate xt−1 by moving in a direction ∆t: xt = xt−1 + ∆t. Instead of

a standard update rule, an online learning algorithm determines ∆t using linear losses

ℓt(x) = ⟨gt, x⟩, where gt = ∇f(xt, zt).

The key idea is to ensure that the first-order Taylor approximation F (xt−1 + ∆t) −

F (xt−1) ≈ ⟨gt,∆t⟩ is accurate, without appeal to complex arguments involving higher-

order derivatives. To do so, we define gt as the gradient evaluated at a random point along

the line segment connecting xt−1 and xt−1 +∆t:

gt ≈ ∇F (xt−1 + st∆t)

where st is uniform on [0,1]. The fundamental theorem of calculus then ensures that

F (xt−1 +∆t)− F (xt−1) = E[⟨gt,∆t⟩]

To make the most effective step, we would like to minimize the gap F (xt) − F (xt−1),

which is equivalent to minimizing the inner product ⟨gt,∆t⟩. That is, we want ∆t to be as

close to the next negative gradient −gt as possible. Be aware that we do not know gt prior

to predicting ∆t.

By defining a loss function lt(∆) = ⟨gt,∆⟩, we can rephrase this as minimizing the

regret:

RegretT (u) :=

T∑

t=1

⟨gt,∆t − u⟩
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An example demonstrating how O2NC can be used to replicate the behavior of well-known

optimizers, such as Adam, is provided in Appendix E.

3 Optimism in Online Learning

Optimism in online learning is a powerful concept that could improve the performance

of learning algorithms by incorporating predictions or ”hints” about future gradients. Dif-

ferent methods to compute the ”hints” will be discussed in Section 3.5. This approach

enables the algorithm to make more informed updates, thereby possibly improving key

performance metrics such as the loss.

3.1 Optimistic Online Gradient Descent

A well-known application of optimism in online learning is the Optimistic Online Gradi-

ent Descent algorithm (often referred to as OGD; we will use OOGD to avoid any confusion

with Online Gradient Descent). In OOGD, the update rule incorporates a hint ht regarding

the future gradient:

xt+1 = xt − ηt(gt + ht − ht−1)

where ηt is the learning rate, and gt = ∇ℓt(xt) represents the gradient of the loss

function at xt. The hint ht serves as an estimate of the gradient at the next time step. If

ht is accurate in the sense that ht approximates gt+1, the regret bound can be significantly

lower. Therefore, we might expect better performance in practice.

It’s important to note that this update rule depends on how you interpret OOGD. From

the Online Mirror Descent (OMD) perspective, the given formula is correct. However, from

the Follow-the-Regularized-Leader (FTRL) perspective, the update can also be derived
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from the FTRL update:

xt+1 = x0 − ηt

(
t∑

i=0

gi + ht

)

By setting h0 = 0, and considering the sum of the previous gradients and hints, this

update is equivalent to:

xt+1 = xt − ηtgt + ηt−1ht−1 − ηtht

Both updates are correct; they simply reflect different perspectives (OMD vs. FTRL)

on how to interpret the optimistic update in online learning.

In the ideal case where ht = gt+1, the update xt+1 = xt−ηt(gt+gt+1) is highly informed,

potentially leading to better performance. A generalized extension to OOGD, similar to

OMD, is discussed in Appendix G (Orabona, 2019).

3.2 Theoretical Analysis of Optimistic Learners

To understand the performance of optimistic algorithms, we analyze the regret bounds.

The upper bound for the regret quantifies the maximum excess loss an online algorithm

can incur relative to the benchmark decision, considering all conceivable scenarios. This

metric is essential for evaluating the algorithm’s robustness. The regret bound of the OGD

algorithm is given by:

RT =

T∑

t=1

(ℓt(xt)− ℓt(u)) ≤
1

2η
∥x1 − u∥2 + η

2

T∑

t=1

∥∇ℓt(xt)∥2

A detailed mathematical derivation of the regret bound is provided in the Appendix H.

The regret bound provides insight into how the choice of learning rate η, initial distance

to the optimal weight ∥x1 − u∥, and the cumulative sum of squared gradients affect the
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regret bound.

The regret bound for OOGD can be derived similar to the regret bound of OGD. The

regret bound is given by:

RT ≤ 1

2η
∥x1 − u∥2 + η

2

T∑

t=1

∥∇ℓt(xt)− ht∥2

If the hint ht approximates the next gradient ∇ℓt(xt+1) accurately, the algorithm can

achieve lower regret. Specifically, when ht ≈ ∇ℓt(xt), the term∇ℓt(xt)−ht becomes smaller.

Therefore, the regret bound gets smaller.

Incorporating accurate hints about future gradients significantly reduces the regret

bound and therefore could have better performance in practice.

3.2.1 Smaller Bound for F (xM)

In Theorem 7 by Cutkosky et al. (2023), which provides an upper bound for the last

loss:

E[F (xM )] = F (x0) + E

[
M∑

n=1

⟨gn,∆n − un⟩
]
+ E

[
M∑

n=1

⟨gn, un⟩
]
,

the second term, E
[∑M

n=1⟨gn,∆n − un⟩
]
, represents the regret of the algorithm. That

means a lower regret bound implies that this term is smaller, which directly translates to

a lower bound for F (xM ).

3.3 Evaluation Method

We employed a GPT-2 model to perform next token prediction (Radford et al., 2019)

using the cross-entropy loss. The experiments were run using a setup where the model

predicted the next word in a sequence of text. The training and evaluation were con-
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Algorithm 1 Optimistic Follow-the-Regularized-Leader Algorithm (Orabona, 2019)

Require: A sequence of regularizers ψ1, . . . , ψT : X → R (e.g., ψ(x) = 1
2∥x∥2), closed

non-empty convex set V ⊆ X ⊆ Rd

1: for t = 1 to T do
2: Predict next loss ℓ̃t : V → R
3: Output xt ∈ argminx∈V ψt(x) + ℓ̃t(x) +

∑t−1
i=1 ℓi(x)

4: Receive ℓt : V → R and pay ℓt(xt)
5: end for

ducted on the Pile dataset, which provided a comprehensive benchmark for testing the

performance of various optimizers and hint generation methods. This setup allowed us

to measure improvements in prediction accuracy and model efficiency when incorporating

optimistic online learning techniques. The benchmark optimizer we used, unless specified

differently, was Adam with η = 0.0003, β1 = 0.9 and β2 = 0.999.

3.4 Proof of Concept for Optimistic Online Learning

To demonstrate the efficacy of optimism in online learning, we conducted a proof-

of-concept experiment using an adapted version of the Optimistic Follow-the-Regularized-

Leader (OFTRL) algorithm described in Algorithm 1 (Syrgkanis et al., 2015). We combined

this algorithm with the discounting method discussed in Appendix E. We go into greater

detail and different modifications to OFTRL in Appendix F. In our experiment, we em-

ployed a controlled ”cheating” approach to validate that optimism can indeed enhance

performance when accurate hints are provided. In order to get more accurate hints we use

a second gradient evaluation at a future point.

In order to do this, a different update rule, as described in Figure 3, for the parameters

was used. The initial state of the model parameters was saved in each iteration. The gradient

was then computed at the current point xt. Next, a step was taken using the normal FTRL

algorithm without optimism (i.e., OFTRL with ht = 0). After this, the gradient g̃t at the
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Figure 3: Where xt is the initial point, x̃t is the point reached without optimism, and xt+1

is the updated point using the hint g̃t.

new point was computed using a different batch or sample to ensure independence (i.e.,

reduce bias in a stochastic setting). The initial point was then reverted to, and a step was

taken with the hint ht = g̃t. Be aware that g̃t ̸= gt+1. This process was repeated for each

iteration.

While this method is not practical for production use due to requiring twice as many

gradient evaluations, it serves as a proof of concept. It demonstrates that if the hints closely

approximate the future gradients, according to figures 4 and 5, improved results can be

achieved.
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Figure 4: Loss function (smoothed with
time-weighted EMA) with η = 3× 10−4,
β1 = 0.9, and β2 = 0.999 for both Adam
and Cheating OFTRL
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weighted EMA) with η = 3× 10−4, β1 =
0.9, and β2 = 0.999 for both Adam and
Cheating OFTRL
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3.5 Generating Hints

Hint prediction involves updating the value of a hint variable, ht+1, using various meth-

ods that incorporate, for example, the past gradient gt and the previous hints h1 . . . ht.

These methods range from simple updates, like ht+1 = gt, to approaches such as moving

averages or momentum-based techniques. The goal is to set ht+1 as close to the next gradi-

ent gt+1 as possible. This can be achieved by balancing past and present information, often

using a weighting parameter β. Different methods and their performance are proposed in

Table 1. To ensure that these hints closely approximate the actual gradient, it is neces-

sary to assume a certain level of smoothness on the loss function. If the gradient of the

loss function changes too rapidly, the hints may mislead us, pointing us toward incorrect

directions.

Formula Hyperparameter EMA Loss

ht+1 = 0 (Adam) η = 0.0003 3.89

ht+1 = gt η = 0.0003 3.90

ht+1 = βht + (1− β)gt η = 0.0003, β = 0.5 3.96

ht+1 = ht + (1− β)(gt − ht) η = 0.0003, β = 0.8 3.94

ht+1 = gt + β(ht − gt) η = 0.0003, β = 0.8 3.98

ht+1 = βht + βgt η = 0.0003, β = 0.5 3.93

ht+1 =
t

t+1ht +
1

t+1gt η = 0.0003 4.08

ht+1 =

√
h2
t+g2t√
2

η = 0.0001, β = 0.9 4.72

ht+1 = β∆t + (1− β)gt η = 0.0003, β = 0.8 3.88

Table 1: Hint update methods, their formulas, hyperparameters, and time-weighted EMA
of the train loss at the 50,000th iteration (same computational budget).

4 Results

The experiments conducted provided valuable insights into the effectiveness of different

hint calculation methods in the context of optimistic online learning, as shown in Table
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1. Some hints came close or even beat Adam by a marginal difference.. This shows that

optimistic online learners have potential. Notably, the ”cheating” version of OFTRL, which

directly uses future gradients as hints, showed significantly better performance compared

to methods where ht = 0 or other hint calculation techniques. This superior performance

is evident from the lower loss and higher accuracy metrics observed in Figures 4 and 5.

Despite the superior performance of the cheating version, the Euclidean distance be-

tween ht and gt+1 was larger, and the cosine similarity was lower for this version. This

indicates that while the cheating hints are effective, they are not necessarily close in di-

rection or magnitude to the actual future gradients. Figures 6 and 7 illustrate these ob-

servations, showing higher distances and lower cosine similarities for the cheating method.

These results seem very counterintuitive, but a reason can be found in the use of only one

batch per iteration. Using a single batch for each update introduces significant stochastic-

ity. Therefore, using a batch size of 1, ht = g̃t does not accurately capture the real gradient

gt+1

To mitigate this, gradient accumulation, gaccum = 1
N

∑N
i=1 gi, where N is the number
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of batches, was employed, increasing the number of batches per update step. Only gaccum

was used in the optimization step. This approach reduced noise, resulting in more accurate

hints and lower bias. The improvements are reflected in the lower Euclidean distance the

last hint and the gradient, as shown in Figure 8. This shows us the dominance of the

”cheating” OFTRL in predicting gt+1 accurately, especially when using larger batch sizes.

The quality of gradient hints improves with increasing batch sizes, showing the distinction

between smaller and larger batches in terms of reducing stochasticity. This is evidenced by

Figures 9 and 10. The initial inversion of distances in Figure 9 is due to the higher absolute

values of ht−1 and gt. After 25,000 iterations, the distances reflect the correct relationship.

Depending on the model, the use of bigger batch sizes could allow for big improvements

in performance. Bigger batch sizes are especially useful because in practical applications

batch sizes of 128 to 1024 are common.
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Figure 8: Distance ∥ht−1 − gt∥ of OFTRL. Each line represents a different hint calculation
method, according to Table 1, using a single batch, except for the method that uses 32
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In general, a positive correlation was observed between the Euclidean distance from ht

to gt+1 and the performance of each run. Runs with lower distances generally exhibited

better performance, as depicted in Figures 11 and 12. This suggests that lower Euclidean

15



0 10000 20000 30000 40000 50000
Gradient Evaluations

0.0

0.5

1.0

1.5

2.0

2.5

3.0
D

is
ta

n
ce

b
et

w
ee

n
h
t−

1
an

d
g t

Hint Quality (Distance) of OFTRL

OFTRL: Batch Size 8

OFTRL: Batch Size 16

OFTRL: Batch Size 24

OFTRL: Batch Size 32

Figure 9: Distance ∥ht−1−gt∥ of OFTRL,
with ht+1 = β∆t + (1 − β)gt, using dif-
ferent batch sizes (smoothed with time-
weighted EMA).

0 10000 20000 30000 40000 50000
Gradient Evaluations

0.0

0.2

0.4

0.6

0.8

1.0

C
os

in
e

S
im

il
ar

it
y

b
et

w
ee

n
h
t−

1
an

d
g t

Hint Quality (Cosine Similarity) of OFTRL

OFTRL: Batch Size 32

OFTRL: Batch Size 24

OFTRL: Batch Size 16

OFTRL: Batch Size 8

Figure 10: Cosine Similarity ht−1·gt
∥ht−1∥∥gt∥ of

OFTRL, with ht+1 = β∆t+(1−β)gt, us-
ing different batch sizes (smoothed with
time-weighted EMA).

3.5 4.0 4.5 5.0 5.5 6.0 6.5
Loss

0

2

4

6

8

10

D
is

ta
n

ce
b

et
w

ee
n
h
t−

1
an

d
g t

Hint Quality (Distance) vs Performance (Loss)

Hint Calculation Method

Trend Line

Figure 11: Distance ∥ht−1 − gt∥ of
OFTRL compared to the loss (data
points are the last value of the function
smoothed with time-weighted EMA).

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
Accuracy

2

3

4

5

6

7

8

D
is

ta
n

ce
b

et
w

ee
n
h
t−

1
an

d
g t

Hint Quality (Distance) vs Performance (Accuracy)

Hint Calculation Method

Trend Line
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OFTRL compared to the accuracy (data
points are the last value of the function
smoothed with time-weighted EMA).

distance tends to be associated with better algorithm performance. However, the distance

alone may not fully capture the hint quality, as a hint pointing in the correct direction

but with a different magnitude might have a larger distance than a hint pointing in the

opposite direction with a small magnitude.

To further analyze the hint quality, the cosine similarity can be used. In high-dimensional

spaces, vectors tend to be orthogonal due to minimal projection. This phenomenon was

observed in the hints, with most hints being nearly orthogonal to gt+1. However, all hint

16



calculation methods had a positive cosine similarity, indicating that they still carry useful

information about the direction of the future gradient, as shown in Figure 7. The cosine

similarity provided a measure of the directional alignment between the hint and the actual

future gradient.

5 Discussion

In conclusion, the results are very promising and highlight the potential of accurate

future gradient predictions in online learning algorithms. We showed that the hint quality

correlates with the performance of the optimistic algorithm. Some hints even improved the

performance of the Adam optimizer. To draw definitive conclusions, further experiments

on various datasets are necessary. The cheating version significantly improves performance

metrics, underscoring the potential of this approach. However, practical methods for hint

calculation need further refinement to achieve similar benefits without having to do two

gradient evaluations per step. Future work could explore even more effective hint generation

methods and their applicability across different machine learning tasks, such as computer

vision or natural language processing. Additionally, the use of lower-precision numbers for

hint calculations, such as float8, could offer a promising approach to reduce computational

costs while maintaining performance. For instance, the cheating version achieves the same

loss as Adam after roughly 36,000 iterations compared to 50,000, and the same accuracy

after 33,000 iterations compared to 50,000. If the cheating version uses two gradient eval-

uations per iteration, it should achieve the same performance after only 25,000 iterations

in order to have the same practicality as Adam. By reducing the computational cost with

float8, we could use more iterations for the same computational budget, thereby improving

performance. Furthermore, the use of larger batch sizes is a very promising approach to

improve optimistic optimizers.
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6 Key Takeaways

This research shows that using predictive hints in optimistic online learning can sig-

nificantly improve the performance of machine learning optimizers. The technique can

outperform traditional methods like Adam, making optimization faster and more effective.

These advancements can enhance machine learning applications across various industries,

including healthcare and finance. Supporting further development of these methods could

lead to more efficient and robust AI solutions.
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A Existing Optimizers

Stochastic Gradient Descent (SGD): SGD updates model parameters by comput-

ing the gradient of the loss function with respect to the parameters for a single data point

and then moving in the direction opposite to the gradient:

xt+1 = xt − ηt∇ℓ(xt, zt),

where xt denotes the parameters or state at time t. The term xt+1 is the updated parameter

or state at time t + 1. The learning rate at time t, denoted as ηt, controls the size of the

step taken in the direction of the negative gradient. The gradient of the loss function, ∇ℓ,

is with respect to the parameters. The data point and its corresponding label at time t are

represented as (zt, yt), where zt is a single sample or a mini-batch and therefore introduces

stochasticity, and yt is the target value. We abreviate (zt, yt) to just zt (Bottou et al., 1991).

SGD with Momentum (SGDM): SGDM is an extension of SGD that helps ac-

celerate SGD in the relevant direction and dampens oscillations. It updates parameters

using:

vt+1 = γvt + ηt∇ℓ(xt, zt),

xt+1 = xt − vt+1,

where v is the momentum and γ is the momentum coefficient.

Adam: Adam (Adaptive Moment Estimation) combines the advantages of two other

extensions of SGD, Momentum and AdaGrad. It computes individual adaptive learning

rates for different parameters:

mt = β1mt−1 + (1− β1)∇ℓ(xt),
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vt = β2vt−1 + (1− β2)(∇ℓ(xt))2,

m̂t =
mt

1− βt1
, v̂t =

vt
1− βt2

,

xt+1 = xt − ηt
m̂t√
v̂t + ϵ

,

where β1 and β2 are the decay rates, and ϵ is a small constant to ensure numerical stability.

Additionally m̂t and v̂t are debiased versions of mt and vt. This is necessary to correct the

initialization bias. In the beginning, mt and vt are biased towards zero because they are

initialized at zero and the moving averages use decay rates β1 and β2. m̂t is an average of

βn−tgt for t = 1, . . . , n (Kingma and Ba, 2014).

B FTL Worst case Scenario and its Solution

Imagine a similar game to the one described in section 2.2. Let the feasible set V =

[−1, 1]. Define ℓ1(x) =
1
2x and let ℓt for t = 2, . . . , T alternate between −x and x. Thus,

T∑

t=1

ℓt(x) =





1
2x if t is odd,

−1
2x if t is even.

The FTL strategy will constantly switch between xt = −1 and xt = 1, making the

incorrect decision at every iteration t. This demonstrates that the seemingly intuitive FTL

approach fails in this scenario due to its instability (Hazan et al., 2016). We can improve

this algorithm if we introduce a regularizer to reduce the instability. This algorithm is

called Follow-The-Regularized-Leader (FTRL).

The FTRL algorithm modifies the decision rule of FTL by incorporating a regularization
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function ψ(x). At round t+ 1, the player selects xt+1 as follows:

xt+1 = argmin
x∈V

(ℓ1:t(x) + ψ(x))

where ℓ1:t(x) =
∑t

i=1 ℓi(x) represents the cumulative loss up to time t, and ψ(x) is the

regularization term. The simplest choice for ψ(x) is 1
2η∥x∥2, with η being a positive regu-

larization parameter. Consider the simplest example of a linear loss function ℓt(x) = gt · x

with gt ∈ Rn. Using a quadratic regularizer ψ(x) = 1
2η∥x∥2, the update rule becomes:

xt+1 = arg min
x∈Rn

(
g1:t · x+

1

2η
∥x∥2

)

where g1:t =
∑t

i=1 gi(x). Solving the expression, we get:

xt+1 = −ηg1:t

This leads to the recursive update rule:

xt+1 = xt − ηgt

which resembles gradient descent with a constant learning rate η. With this choice of the

linear loss ℓ(x) and the regularizer ψ(x) we can recover the simplest possible optimizer.

The regret of FTRL grows sublinearly O(
√
T ) as shown in Appendix C. Compared

to the regret of FTL that grows linearly O(T ), FTRL is better suited for online learning

applications than FTL.
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C Regret Bound for FTRL

The regret R is defined as the difference between the cumulative loss of the algorithm

and the cumulative loss of the best fixed decision in hindsight:

R =
T∑

t=1

ℓt(xt)−min
x∈Ω

T∑

t=1

ℓt(x)

C.1 FTRL Algorithm

The FTRL algorithm updates the weights at each iteration t as follows:

xt = argmin
x∈V

(
t−1∑

i=1

ℓi(x) +
1

η
ϕ(x)

)

where ϕ(x) is a regularization function that is strongly convex, and η is a parameter.

C.2 Key Lemma

Suppose F is α-strongly convex, f is convex, and let x = argminz F (z) and x′ =

argminz G(z), where G(x) = F (x) + f(x). Then:

0 ≤ f(x)− f(x′) ≤ 1

α
∥∇f(x)∥2

C.3 Proof of the Key Lemma

Since F is α-strongly convex, by definition, we have:

F (x′) ≥ F (x) + ⟨∇F (x), x′ − x⟩+ α

2
∥x− x′∥2

24



By the optimality condition of x:

⟨∇F (x), x′ − x⟩ ≥ 0

Therefore, we can simplify the strong convexity condition to:

F (x′) ≥ F (x) +
α

2
∥x− x′∥2 (1)

Similarly, for G:

G(x′) ≥ G(x) + ⟨∇G(x), x′ − x⟩+ α

2
∥x− x′∥2

By the optimality condition of x′:

⟨∇G(x′), x− x′⟩ ≥ 0

Thus, we obtain:

G(x′) ≤ G(x)

Since G(x) = F (x) + f(x), we have:

G(x′) = F (x′) + f(x′)

F (x′) + f(x′) ≤ F (x) + f(x)

Rearranging this, we get:

f(x)− f(x′) ≥ F (x′)− F (x) (2)
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From (1), we have:

F (x′) ≥ F (x) +
α

2
∥x− x′∥2

Substituting this into (2):

f(x)− f(x′) ≥ α

2
∥x− x′∥2 (3)

Since f is convex, using the first-order condition:

f(x) ≤ f(x′) + ⟨∇f(x), x− x′⟩

Taking the absolute value:

f(x)− f(x′) ≤ |⟨∇f(x), x− x′⟩|

Applying the Cauchy-Schwarz inequality:

f(x)− f(x′) ≤ ∥∇f(x)∥ · ∥x− x′∥

From (3), we have:

∥x− x′∥2 ≤ 2

α
(f(x)− f(x′))

Thus:

∥x− x′∥ ≤
√

2

α
(f(x)− f(x′))

Substituting this back into the previous inequality:

f(x)− f(x′) ≤ ∥∇f(x)∥
√

2

α
(f(x)− f(x′))
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Let a = f(x)− f(x′). Then:

a ≤ ∥∇f(x)∥
√

2a

α

a ≤ 2

α
∥∇f(x)∥2

So we get:

f(x)− f(x′) ≤ 1

α
∥∇f(x)∥2

The lemma is thus proven:

0 ≤ f(x)− f(x′) ≤ 1

α
∥∇f(x)∥2

C.4 Bounding the Regret

Using the key lemma:

ℓt(xt)− ℓt(xt+1) ≤
1

α
∥∇ℓt(xt)∥2

Summing over all t from 1 to T :

T∑

t=1

(ℓt(xt)− ℓt(xt+1)) ≤
1

α

T∑

t=1

∥∇ℓt(xt)∥2

We can write the regret as:

R =

T∑

t=1

ℓt(xt)−min
x∈Ω

T∑

t=1

ℓt(x)

Notice that:
T∑

t=1

ℓt(xt)−min
x∈Ω

T∑

t=1

ℓt(x) ≤
T∑

t=1

(ℓt(xt)− ℓt(xt+1))
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Combining this with our previous bound, we get:

T∑

t=1

ℓt(xt)−min
x∈Ω

T∑

t=1

ℓt(x) ≤
1

α

T∑

t=1

∥∇ℓt(xt)∥2

For the FTRL algorithm, α = 1
η for the regularizer ϕ, thus:

R ≤ η
T∑

t=1

∥∇ℓt(xt)∥2

C.5 Final Regret Bound

If ∥∇ℓt(xt)∥ ≤ G for all t, then:

R ≤ D

η
+ η

T∑

t=1

∥∇ℓt(xt)∥2

Choosing η =
√

D
TG2 gives:

R ≤ 2G
√
TD

Thus, the regret of the FTRL algorithm is bounded by R ≤ 2G
√
TD, where D is the

range of the regularizer ϕ, and G is an upper bound on the gradient norms (Ma et al.,

2018).

D Online Mirror Descent (OMD)

Online Mirror Descent (OMD) generalizes OGD by mapping the parameters into a dual

space (to account for different geometric properties, see Figure 13) before updating them:

θt+1 = ∇ψ(xt)− ηt∇ℓ(xt, yt),
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xt+1 = ∇ψ∗(θt+1),

where θt are the dual space parameters, ψ is a convex function, and ψ∗ is its conjugate.

The simplest example for ψ would be the Euclidean mirror map, ψ(x) = 1
2∥x∥2, which

reduces OMD to OGD, because ∇ψ(x) = x and ∇ψ∗(θ) = θ (Orabona, 2019).

xt

xt+1

∇ψ

∇ψ∗

∇ψ(xt)

∇ψ(xt)− ηtgt

Figure 13: Visualization of the Duality Mapping used in OMD.

E FTRL functions like Adam

Utilizing the Online-to-Non-Convex (O2NC) conversion and the recursive notation,

Ahn et al. (2024) observed that the Adam optimizer can be derived from the Follow-the-

Regularized-Leader (FTRL) framework. In the FTRL setup, the update at each step is

given by:

∆t = −ηt
t∑

i=1

gi

where ηt is the step size, we chose ηt =
α√∑t
i=1 g

2
i

to adapt to the gradient magnitudes.

To weigh recent gradients more than past gradients and to align this with Adam, we

introduce discount factors β1 and β2, creating a discounted-FTRL form:
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∆t = −α
∑t

i=1 β
t−i
1 gi√∑t

i=1 β
t−i
2 g2i

In combination with O2NC this formulation mirrors Adam’s update rule, which em-

ploys exponentially weighted averages of past gradients and squared gradients to adjust

the learning rate dynamically. With this method, we can derive the current benchmark

optimizer, which is Adam, in an online learning context. This is confirmed by practical ex-

periments. According to Figures 14 and 15 the performance of discounted-FTRL is equal

to the performance of Adam in a non-online setting.
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Figure 14: Loss function (smoothed with
time-weighted EMA) with η = 3× 10−4,
β1 = 0.9, and β2 = 0.999 for both Adam
and FTRL.
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Figure 15: Accuracy (smoothed with
time-weighted EMA) with η = 3× 10−4,
β1 = 0.9, and β2 = 0.999 for both Adam
and FTRL.

F OFTRL

For all our main results using OFTRL, we used the following update rule:

∆t = −α β1
∑t

i=1 β
t−i
1 gi + (1− β1)ht√

β2
∑t

i=1 β
t−i
2 g2i + (1− β2)h2t
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In the case of calculating the intermediate ”cheating” step, we used the following formula:

∆t = −α
∑t

i=1 β
t−i
1 gi√∑t

i=1 β
t−i
2 g2i

Of course, for the actual implementation, we used a recursive update rule to save

memory and computational power. Additionally, we added a bias correction term analogous

to the bias correction term in the Adam optimizer:

∆t = −α
β1

∑t
i=1 β

t−i
1 gi+(1−β1)ht

1−βt
1√

β2
∑t

i=1 β
t−i
2 g2i +(1−β2)h2

t

1−βt
2

This formula adds optimistic hints to the existing Adam optimizer derived in the O2NC

framework. For every run, a cosine learning rate scheduler was used.

Alternative algorithms to the OFTRL algorithm described above have shown promise,

particularly when modifying the denominator by using max((ht− gt)
2−h2t , c) or (ht− gt)

2

instead of the traditional OFTRL update rule.

∆t = −α
∑t

i=1 β
t−i
1 gi√∑t

i=1 β
t−i
2 g2i

We chose the modifications to take more aggressive steps, resulting in the new update rules:

∆t = −α
∑t

i=1 β
t−i
1 gi√∑t

i=1 β
t−i
2 max((ht − gt)2 − h2t , c)

or

∆t = −α
∑t

i=1 β
t−i
1 gi√∑t

i=1 β
t−i
2 (ht − gt)2
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These modifications resulted in performance similar to the standard discounted OFTRL, as

shown by Figures 16 and 17. However, more investigation is necessary to fully understand

the implications of these changes and to optimize their parameters for various machine

learning applications. Further research could reveal additional benefits and potential draw-

backs of these alternative approaches, leading to more robust optimization techniques.
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Figure 16: Loss function (smoothed with
time-weighted EMA), with ht+1 = β∆t+
(1− β)gt
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Figure 17: Accuracy (smoothed with
time-weighted EMA) , with ht+1 =
β∆t + (1− β)gt

G Optimistic Online Mirror Descent (OOMD)

Optimistic Online Mirror Descent (OOMD) is an extension of the traditional Online

Mirror Descent (OMD) algorithm designed to leverage the additional information given

through the hint:

xt+1 = ∇ψ∗ (θt − η(∇ℓt(xt) + ht − ht−1) ,

where θt are the dual space parameters, ψ is a convex function, ψ∗ is its conjugate, η is

the learning rate, and ht is the hint at time t. By accurately predicting the next gradient,

OOMD can reduce the regret bound.
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H Regret Bound for OGD

The regret RT over T rounds is defined as:

RT =
T∑

t=1

ℓt(xt)−
T∑

t=1

ℓt(u)

where ℓt(xt) is the loss at round t, xt are the parameters at round t, and u is the optimal

weight vector that minimizes the cumulative loss.

The weight update rule in OGD is given by:

xt+1 = xt − η∇ℓt(xt)

where η is the learning rate and ∇ℓt(xt) is the gradient of the loss function at xt.

To derive the regret bound, we start by leveraging the convexity of the loss function:

ℓt(xt)− ℓt(u) ≤ ∇ℓt(xt) · (xt − u)

Summing over all iterations t = 1 to T :

RT ≤
T∑

t=1

∇ℓt(xt) · (xt − u)

Next, we bound the inner product ∇ℓt(xt) · (xt−u) using the squared distance between

xt and u:

∥xt+1 − u∥2 ≤ ∥xt − η∇ℓt(xt)− u∥2

Expanding the right-hand side, we get:

∥xt+1 − u∥2 = ∥xt − u∥2 − 2η∇ℓt(xt) · (xt − u) + η2∥∇ℓt(xt)∥2

33



Rearranging the terms, we have:

2η∇ℓt(xt) · (xt − u) ≤ ∥xt − u∥2 − ∥xt+1 − u∥2 + η2∥∇ℓt(xt)∥2

Summing over all iterations t = 1 to T :

2η
T∑

t=1

∇ℓt(xt) · (xt − u) =
T∑

t=1

(
∥xt − u∥2 − ∥xt+1 − u∥2

)
+ η2

T∑

t=1

∥∇ℓt(xt)∥2

Notice that the sum on the right-hand side telescopes:

T∑

t=1

(
∥xt − u∥2 − ∥xt+1 − u∥2

)
= ∥x1 − u∥2 − ∥xT+1 − u∥2 ≤ ∥x1 − u∥2

Therefore,

2η
T∑

t=1

∇ℓt(xt) · (xt − u) ≤ ∥x1 − u∥2 + η2
T∑

t=1

∥∇ℓt(xt)∥2

Dividing both sides by 2η, we get:

T∑

t=1

∇ℓt(xt) · (xt − u) ≤ 1

2η
∥x1 − u∥2 + η

2

T∑

t=1

∥∇ℓt(xt)∥2

By the convexity of ℓt, we replace ∇ℓt(xt) · (xt − u) with ℓt(xt)− ℓt(u):

T∑

t=1

(ℓt(xt)− ℓt(u)) ≤
1

2η
∥x1 − u∥2 + η

2

T∑

t=1

∥∇ℓt(xt)∥2

This completes the derivation of the regret bound for the OGD algorithm, providing

insight into how the choice of learning rate η, initial distance to the optimal weight ∥x1−u∥,

and the cumulative sum of squared gradients affect the overall performance.

34


	Introduction
	Preliminaries
	Optimization in Machine Learning
	Online Learning
	Minimizing Regret in Online Learning
	Online Learners in Machine Learning
	Online-to-Non-Convex Conversion (O2NC)

	Optimism in Online Learning
	Optimistic Online Gradient Descent
	Theoretical Analysis of Optimistic Learners
	Smaller Bound for F(xM)

	Evaluation Method
	Proof of Concept for Optimistic Online Learning
	Generating Hints

	Results
	Discussion
	Key Takeaways
	Acknowledgments
	Existing Optimizers
	FTL Worst case Scenario and its Solution
	Regret Bound for FTRL
	FTRL Algorithm
	Key Lemma
	Proof of the Key Lemma
	Bounding the Regret
	Final Regret Bound

	Online Mirror Descent (OMD)
	FTRL functions like Adam
	OFTRL
	Optimistic Online Mirror Descent (OOMD)
	Regret Bound for OGD

